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Series solutionAbstract This paper is devoted to the study of ninth order boundary value problems that emerge
in the mathematical modeling of AFTI-F16 fighter. An augmented longitudinal and lateral dynam-
ics of the AFTI-F16 fighter is described by ninth order differential equations, containing unknown
parameters which can be determined using automated system identification algorithms. The solu-
tion of the boundary value problem is obtained in terms of a convergent series using homotopy
analysis method (HAM). The method is effectively applied on numerical examples and the results
are compared with those given in the literature, revealing that the presented method gives better
approximations to the exact solution.
 2016 University of Bahrain. Publishing services by Elsevier B.V. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Higher order differential equations have been a subject of
interest for researchers due to their application in the mathe-
matical modeling of diversified physical phenomena. The
mathematical importance of boundary value problems of
higher order motivates to study different mathematical tech-
niques to obtain the solutions of these problems. Mathematical
modeling of AFTI-F16 fighters involves ninth order differen-
tial equation. Aircraft models are known and the unknown
parameters should be identified applying the automated system
identification algorithms (Lyshevski and Dunipace, 1997). In
view of the importance of the application of such problemsin aircraft designing and modeling, the present paper is
devoted to the study of solutions of ninth order boundary
value problems.
Ninth order boundary value problems also arise in the study
of astrophysics, hydrodynamic and hydromagnetic stability
(Mohyud-Din and Yildirim, 2010). Caglar et al. (1999) used
sixth degree B-spline to solve fifth order linear and nonlinear
boundary value problems. Siddiqi and Akram (2006) solved
the fifth order linear special case boundary value problem using
non-polynomial spline technique. Domairry and Nadim (2008)
applied homotopy analysis method (HAM) to obtain the solu-
tions of two different cases of nonlinear heat transfer equations.
Ziabakhsh and Domairry (2009) used homotopy analysis
method to solve the system of differential equations arising in
the study of laminar viscous flow in a semi porous channel.
Hassan and Erturk (2009) applied differential transformation
method (DTM) to obtain the solution of some linear and non-
linear higher order boundary value problems. Mohyud-DinAFTI-
2 G. Akram, M. Sadafand Yildirim (2010) solved boundary value problem of order
nine and ten using the homotopy purturbation method
(HPM) and the modified variational iteration method
(MVIM). Ali et al. (2012) used optimal homotopy asymptotic
method to solve some higher order boundary value problems.
Siddiqi and Iftikhar (2013) approximated the solutions of sev-
enth, eighth and tenth order boundary value problems using
HAM. Mahmood et al. (2014)used homotopy analysis method
to study the solution of diffusion equation involving convection
term. Akram and Aslam (2014) proposed a computational
method, based on the Adomian decomposition method
(ADM) and the reproducing kernel method (RKM), for solving
linear and nonlinear fourth order three-point boundary value
problem (BVP) and the system of nonlinear BVP. Doha et al.
(2014) used Jacobi tau approximation to obtain the numerical
solution to space fractional diffusion equation. An extension
of modified Adomian decomposition method (Khodabakhshi
et al., 2014) was successfully applied to solve initial value prob-
lem for differential equations of fractional order. Exact travel-
ing wave solution for nonlinear differential equations
(Sayevand et al., 2014) has also been investigated using a gen-
eral functional transformation. Two-dimensional Chebyshev
wavelet method (Gupta and Saha Ray, 2015) has been used
to obtain numerical approximations to the solution of frac-
tional fifth-order Sawada–Kotera equation. Sayevand et al.
(2015) approximated the solutions of some important integral
equations using a numerical technique based on homotopy
analysis method. Siddiqi and Iftikhar (2015) used the varia-
tional iteration method to approximate the solution of seventh
order boundary value problems in terms of a convergent series.
Gepreel and Nofal (2015) used an improved optimal homotopy
analysis method to solve partial fractional differential equa-
tions, with fractional derivative defined in Caputo sense.
Ullah et al. (2015) used the optimal homotopy asymptotic
method (OHAM) for approximating the solution of modified
Kawahara equations. Modified homotopy analysis method
and homotopy perturbation transform method (Saha Ray
and Sahoo, 2015) have been used to obtain the solution to time
fractional coupled sine–Gordon equations. Akram and
Nadeem (submitted for publication) approximated the solution
of ninth order boundary value problem using non-polynomial
spline technique.
In this paper, homotopy analysis method is applied to solve
the ninth order boundary value problem of the form
yð9ÞðxÞ þ TðyðxÞÞ ¼ fðxÞ; x 2 ½a; b
yðiÞðaÞ ¼ ai; yðjÞðbÞ ¼ bj;
)
ð1:1Þ
where i ¼ 0; 1; 2; 3; 4 and j ¼ 0; 1; 2; 3. ais and bis are finite real
constants. T is a differential operator involving derivatives of
yðxÞhaving order less than nine.Also fðxÞ is continuous on ½a; b.
2. Homotopy analysis method
Homotopy analysis method is an analytical technique which
can be used to compute the solutions of linear and nonlinear
differential equations. The solution is obtained in terms of a
convergent series. Consider a nonlinear differential equation
N½yðxÞ ¼ 0; x 2 H; ð2:2Þ
where N is a differential operator, x is an independent variable,
yðxÞ is an unknown function and H is the interval of domain.Please cite this article in press as: Akram, G., Sadaf, M. Application of homotopy an
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parameter p 2 ½0; 1 by
ð1 pÞL½Yðx; pÞ  y0ðxÞ  phHðxÞN½Yðx; p ¼ 0; x 2 H;
ð2:3Þ
where h is auxiliary parameter, HðxÞ is an auxiliary function
and L is auxiliary linear operator. The homotopy analysis
allows great freedom to select h;HðxÞ and L. Also there is lar-
ger freedom to choose the initial approximation y0ðxÞ. For
suitable selection, the unknown function Yðx; pÞ can be deter-
mined. Moreover the mth- order derivative of y0ðxÞ with
respect to the embedding parameter exists at p ¼ 0 for all pos-
itive integral values of m. This quantity is the so-called mth-
order deformation derivative. Application of Taylor’s theorem
gives the series expansion of Yðx; pÞ as




where ymðxÞ is obtained by dividing the mth- order deforma-
tion derivative by m!. For suitably chosen HðxÞ; h;L and
y0ðxÞ, the series converges to yðxÞ at p ¼ 1. Moreover
ymðxÞ;m ¼ 1; 2; 3; . . . can be calculated using the mth-order
deformation equation
L ymðxÞ  vmym1ðxÞ½   hHðxÞRm ym1
 
¼ 0;
x 2 H; p 2 ½0; 1; ð2:5Þ
where






ym1ðxÞ ¼ fy0ðxÞ; y1ðxÞ; . . . ; ym1ðxÞg;
vm ¼
0; m  1
1; m > 1:
(
ð2:6Þ3. Convergence
In this section, it is proved that if the infinite series given by
HAM is convergent, it must be an exact solution of the consid-
ered problem.
Theorem. If the series y0ðxÞ þ
Pþ1
m¼1ymðxÞ is convergent,
where ymðxÞ is governed by (2.5) under the definition (2.6), it
must be an exact solution of problem (1.1).




























¼ 0; ð3:8Þalysis method to the solution of ninth order boundary value problems in AFTI-
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½yð9Þm1ðxÞ þ Tðym1ðxÞÞ þ fðxÞ: ð3:10Þ







þ fðxÞ ¼ 0 ð3:11Þ
which shows that the series solution satisfies the BVP (1.1).
This completes the proof. h
In next section, HAM is implemented to approximate the
solutions of ninth order boundary-value problems of the form
(1.1). Three numerical examples are considered to illustrate the
method.
4. Numerical results
Example 1. The following boundary value problem is
considered
yð9ÞðxÞ  yðxÞ ¼ 9ex; x 2 ð0; 1Þ
yð0Þ ¼ 1; yð1Þ ¼ 0;
yprimeð0Þ ¼ 0; y0ð1Þ ¼ e;
y00ð0Þ ¼ 1; y00ð1Þ ¼ 2e;







26676557107200þ 26676557107200ex  26676557107200xð
 13338278553600x2  4446092851200x3  1111523212800x4
þ 2743239283291206x5  1009263077671296ex5  6671362298581932x6
þ 2454243255440172ex6 þ 5619861324677844x7  2067433177704648ex7
 1619489292526713x8 þ 595776442847535ex8  8168160x9 þ 74256x11
þ 12376x12 þ 1428x13 þ 172040x14  63240ex14  179656x15 þ 66096ex15
þ68901x16  25347ex16  9590x17 þ 3528ex17:
ð4:20ÞThe analytic solution of this differential system is
yðxÞ ¼ ð1 xÞex:
A homotopy Yðx; pÞ can be constructed with an embedding
parameter p 2 ½0; 1 byPlease cite this article in press as: Akram, G., Sadaf, M. Application of homotopy an




 Yðx; pÞ þ 9ex
 
¼ 0;
vcx 2 ð0; 1Þ: ð4:13Þ
Hence, the mth-order deformation equation is
L½ymðxÞ  vmym1ðxÞ  hHðxÞRmðym1Þ ¼ 0;















 ym1ðx; 0Þ; mP 2: ð4:16Þ
Moreover ymðxÞ can be determined using (3.10) and (3.11) as
ymðxÞ ¼ vmym1ðxÞ þ hL1Rmðym1Þ ¼ 0; mP 1: ð4:17Þ
Here, the auxiliary function HðxÞ is taken as HðxÞ ¼ 1. For
this choice of function, higher accuracy can be achieved with-
out having to go to higher order of approximation. The initial
approximation is taken as the solution of the ninth order
boundary-value problem
yð9ÞðxÞ ¼ 0; x 2 ð0; 1Þ;
yðiÞð0Þ ¼ 1 i; i ¼ 0; 1; 2; 3; 4;




The linear operator is chosen to be the homogeneous part of
the nonlinear operator N. The first two terms of the series solu-





















andHere h ¼ 1 is chosen in order to approximate the solution in
terms of a rapidly convergent series.
Example 2. The following boundary value problem is
consideredalysis method to the solution of ninth order boundary value problems in AFTI-
Sciences (2016), http://dx.doi.org/10.1016/j.jaubas.2016.08.002
4 G. Akram, M. Sadafyð9ÞðxÞþyðxÞ¼ exð16ð1þxÞcosðxÞþð127þ17xÞsinðxÞÞ;
x2 ½0;1;
yð0Þ¼ 0; yð1Þ¼ 0;
y0ð0Þ¼1; y0ð1Þ¼ esinð1Þ;
y000ð0Þ¼ 0; y000ð1Þ¼ 2esinð1Þþ2ecosð1Þ;





The analytic solution of this differential system is
yðxÞ ¼ ðx 1Þex sinðxÞ:
A homotopy Yðx; pÞ can be constructed with an embedding










 100037089152000hx2 þ 23712495206400hx3 þ 7965916358400hx4
 1453131347766840hx5 þ 4713969949043376hx6  4655800235777520hx7
þ 1484809761245976hx8  408408hx10 þ 12376hx12 þ 1904hx13 þ 55080hx14
 56032hx15 þ 20944hx16  2856hx17 þ 15518346081638400hx5 cosð1Þ
þ 94849980883224ehx5 cosð1Þ  39275302216550400hx6 cosð1Þ
 248240184396036ehx6 cosð1Þ þ 33904422052300800hx7 cosð1Þ
þ 217858549956312ehx7 cosð1Þ  9934053460531200hx8 cosð1Þ
 64468346446245ehx8 cosð1Þ þ 10200ehx14 cosð1Þ  11424ehx15 cosð1Þ
þ 4641ehx16 cosð1Þ  672ehx17 cosð1Þ  188217930700800h cosðxÞ
þ 741015475200exh cosðxÞ  25194526156800hx cosðxÞ
 741015475200exhx cosðxÞ  7722863282534400hx5 sinð1Þ
 250463230837344ehx5 sinð1Þ þ 18401637295641600hx6 sinð1Þ
þ 606150659485728ehx6 sinð1Þ  15235278170112000hx7 sinð1Þ
 508336616915040ehx7 sinð1Þ þ 4329753421593600hx8 sinð1Þ
þ 145980048999090ehx8 sinð1Þ  30600ehx14 sinð1Þ þ 31824ehx15 sinð1Þ
 12138ehx16 sinð1Þ þ 1680ehx17 sinð1Þ þ 226750735411200h sinðxÞ
þ 7410154752000exh sinðxÞ  741015475200exhx sinðxÞÞ:
ð4:28ÞHence, the mth-order deformation equation is
L½ymðxÞ  vmym1ðxÞ  hHðxÞRm ym1
 
¼ 0; x







þ ym1ðx; 0Þ  exð16ð1þ xÞ
 cosðxÞ þ ð127þ 17xÞ sinðxÞÞ; ð4:24ÞPlease cite this article in press as: Akram, G., Sadaf, M. Application of homotopy an







þ ym1ðx; 0Þ; mP 2: ð4:25Þ
Here, the auxiliary function HðxÞ is taken as HðxÞ ¼ 1. The
initial approximation is taken as the solution of the ninth order
differential equation
yð9ÞðxÞ ¼ 0; ð4:26Þ
subject to the boundary conditions in (4.21) The linear opera-
tor is chosen to be the homogeneous part of the non-linear
operator N. Moreover, value of h is chosen as h ¼ 0:49. The










ð176þ 39e cosð1Þ  102e
 sinð1ÞÞ þ x
5
3




ð51 12e cosð1Þ þ 30e sinð1ÞÞ þ x
6
3
ð206 42e cosð1Þ þ 117e sinð1ÞÞ ð4:27Þ
andExample 3. For x 2 ½0; 1, the following boundary value prob-
lem is considered
yð9ÞðxÞ  yðxÞy0ðxÞ ¼ e2xð2þ exðx 10Þ  3xþ x2Þ; x 2 ½0; 1;
yð0Þ ¼ 1; yð1Þ ¼ 0;
y0ð0Þ ¼ 2; y0ð1Þ ¼ e1;
y000ð0Þ ¼ 3; y000ð1Þ ¼ 2e1;




ð4:29Þalysis method to the solution of ninth order boundary value problems in AFTI-
Sciences (2016), http://dx.doi.org/10.1016/j.jaubas.2016.08.002
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yðxÞ ¼ ð1 xÞex:
A homotopy Yðx; pÞ can be constructed with an embedding
parameter p 2 ½0; 1 by




 Yðx; pÞ @Yðx; pÞ
@p

e2xð2þ exðx 10Þ  3xþ x2Þ ¼ 0; x 2 ½0; 1: ð4:30Þ
Hence, the mth-order deformation equation is
L½ymðxÞ  vmym1ðxÞ  hHðxÞRm ym1
 
¼ 0;



















þ 60716955499200e2hx2 þ 45962735312894400e2þ2xhx2
 20441375018064000e2þ2xhx3 þ 6395519312582400e2þ2xhx4
 105161770709630208e2xhx5 þ 854894728748695824e1þ2xhx5
 301803701424028272e2þ2xhx5 þ 271708389344337120e2xhx6
 2315987530207758288e1þ2xhx6 þ 815529705478689152e2þ2xhx6
 238374783674472384e2xhx7 þ 2098377950649420624e1þ2xhx7
 739734548760667632e2þ2xhx7 þ 70735259980803600e2xhx8
 637285147379448120e1þ2xhx8 þ 224875035766123575e2þ2xhx8
þ 171335324160e2þ2xhx9  59967363456e2þ2xhx10 þ 17133532416e2þ2xhx11
 4153583616e2þ2xhx12  16474550400e1þ2xhx13 þ 6939280320e2þ2xhx13
þ 33248638080e1þ2xhx14  12396920880e2þ2xhx14  30882293568e1þ2xhx15
þ 11389073024e2þ2xhx15 þ 17108570976e1þ2xhx16  6298239339e2þ2xhx16
 6268478328e1þ2xhx17 þ 2306657304e2þ2xhx17  6662502000e2xhx18
þ 6534391080e1þ2xhx18  1502274900e2þ2xhx18 þ 20899216800e2xhx19
 15700340040e1þ2xhx19 þ 2947439880e2þ2xhx19  28346682672e2xhx20
þ 20907760104e1þ2xhx20  3855229686e2þ2xhx20 þ 21189579840e2xhx21
 15597201048e1þ2xhx21 þ 2870191896e2þ2xhx21  9175276656e2xhx22
þ 6751532424e1þ2xhx22  1242011316e2þ2xhx22 þ 2175919200e2xhx23
 1601013960e1þ2xhx23 þ 294501480e2þ2xhx23  220278240e2xhx24












ð4:33ÞPlease cite this article in press as: Akram, G., Sadaf, M. Application of homotopy an
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differential equation
yð9ÞðxÞ ¼ 0; ð4:34Þ
subject to the boundary conditions (4.29) The linear operator
is normally chosen to be the homogeneous part of the nonlin-
ear operator N. Moreover, value of h is chosen as h ¼ 1 in
order to approximate the solution in terms of rapidly conver-
gent series.The first two terms of the series solution are calcu-
lated as






















andThe numerical results are summarized in Tables 1–6.
Figs. 1–3 show that the approximate solutions using HAM
are in good agreement with the exact solutions.alysis method to the solution of ninth order boundary value problems in AFTI-
Sciences (2016), http://dx.doi.org/10.1016/j.jaubas.2016.08.002
Table 1 Approximate solution values and absolute errors for
Example 1.
x Exact solution Approximate solution Absolute error
0.0 1.000000 1.000000 0.000000
0.1 0.994654 0.994654 6:661338 1016
0.2 0.977122 0.977122 1:554312 1015
0.3 0.944901 0.944901 1:998401 1015
0.4 0.895095 0.895095 1:110223 1015
0.5 0.824361 0.824361 4:884981 1015
0.6 0.728848 0.728848 3:397282 1014
0.7 0.604126 0.604126 5:995204 1014
0.8 0.445108 0.445108 1:837974 1013
0.9 0.245960 0.245960 2:232103 1013
1.0 0.000000 2:030114 1013 2:030114 1013
Table 2 Comparison of absolute errors with other methods.
x HPM MVIM OHAM Present method
0.0 0.00 0.00 0.00 0.00
0.1 2 1010 2 1010 1:03 1016 6:66 1016
0.2 2 1010 2 1010 1:33 1016 1:55 1015
0.3 2 1010 2 1010 2:12 1016 2:00 1015
0.4 2 1010 2 1010 1:30 1014 1:11 1015
0.5 2 1010 2 1010 2:44 1013 4:88 1015
0.6 6 1010 6 1010 2:64 1012 3:40 1014
0.7 1 109 1 109 1:97 1011 6:00 1014
0.8 2 109 2 109 1:13 1010 1:84 1013
0.9 3:4 109 3:4 109 5:26 1010 2:23 1013
1.0 0.00 0.00 2:09 109 2:03 1013
Table 3 Comparison of maximum absolute error with DTM.
DTM present method
3:0 107 2:23 1013
Table 4 Numerical results for Example 2.
x Exact solution Approximate solution Absolute error
0:0 0:000000 3:655382 1015 3:655382 1015
0:1 0:099300 0:099300 1:288833 1010
0:2 0:194124 0:194124 2:048835 109
0:3 0:279237 0:279237 6:627838 109
0:4 0:348566 0:348566 9:051500 109
0:5 0:395220 0:395220 3:921566 109
0:6 0:411538 0:411538 6:138275 109
0:7 0:389189 0:389189 1:151490 108
0:8 0:319301 0:319301 7:404652 109
0:9 0:192667 0:192667 1:185923 109
1:0 0:000000 2:577350 1012 2:577350 1012
Table 5 Comparison of maximum absolute error with non-
polynomial spline method.
Non-polynomial spline method Present method
5:13 108 1:15 108
Table 6 Numerical results for Example 3.
x Exact solution Approximate solution Absolute error
0:0 1:000000 1:000000 0:000000
0:1 0:814354 0:814354 1:110223 1016
0:2 0:654985 0:654985 0:000000
0:3 0:518573 0:518573 2:220446 1016
0:4 0:402192 0:402192 5:551115 1017
0:5 0:303265 0:303265 1:665335 1016
0:6 0:219525 0:219525 5:551115 1017
0:7 0:148976 0:148976 1:387779 1016
0:8 0:089866 0:089866 1:554312 1015
0:9 0:040657 0:040657 3:830269 1015
1:0 0:000000 2:776789 1015 2:776789 1015
Fig. 1 Comparison of exact solution (solid line) and approxi-
mate solution (dashed line) for Example 1.
Fig. 2 Comparison of exact solution (solid line) and approxi-
mate solution (dashed line) for Example 2.
6 G. Akram, M. Sadaf
Please cite this article in press as: Akram, G., Sadaf, M. Application of homotopy analysis method to the solution of ninth order boundary value problems in AFTI-
F16 fighters. Journal of the Association of Arab Universities for Basic and Applied Sciences (2016), http://dx.doi.org/10.1016/j.jaubas.2016.08.002
Fig. 3 Comparison of exact solution (solid line) and approxi-
mate solution (dashed line) for Example 3.
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An augmented longitudinal and lateral dynamics of the AFTI-
F16 fighter is described by ninth order differential equations,
containing unknown parameters which can be determined
using automated system identification algorithms. In order to
fully understand the behavior of these fighters, it is highly
desirable to seek the solutions of ninth order differential equa-
tions. In this paper, ninth order boundary value problems of
type (1.1) are numerically solved using HAM. Three numerical
examples are considered to illustrate the method. The numer-
ical results show that the present method gives good approxi-
mation to the exact solutions. The comparative analysis shows
that the results obtained are better than those obtained by
HPM, MVIM, DTM, OHAM and non-polynomial spline
method.
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